We study dominating sets whose induced subgraphs have a bounded diameter. Such sets were used in recent papers by Kim et al. and Yu et al. to model virtual backbones in wireless networks where the number of hops required to forward messages within the backbone is minimized.
Introduction
A dominating set in a graph G is a vertex subset X with the property that every vertex of V (G)\X has a neighbor in X. The properties of dominating sets, both algorithmical and structural, have been intensively studied in the literature. A good introduction to the topic is given by the book on domination written by Haynes, Hedetniemi and Slater [14] .
So far, many variants of the classical concept of domination have been introduced, a lot of them are explained in [14] . Some of these variants put conditions on the subgraph induced by the dominating set. A prominent example is the concept of connected domination. A connected dominating set of the graph G is a dominating set X with the property that the subgraph induced by X, henceforth denoted G[X], is connected. Obviously, a graph has a connected dominating set if and only if the graph is connected.
To our knowledge, connected dominating sets were introduced by Sampathkumar and Walikar [19] . These sets are interesting for their practical applications. For example, connected dominating sets can be used to model virtual backbones in wireless networks. In this way, the routing of messages in such networks can be organized (see [3] for a recent survey on this topic).
Typically, one is interested in connected dominating sets of minimum size. Deciding whether a given graph has a connected dominating set of size at most a given threshold is an NP-complete problem. This remains true for some very restricted instances, like split graphs [2] and planar graphs of maximum degree 3 [8] .
The distance of two vertices x, y in a connected graph G, denoted by dist G (x, y), is the length of a shortest path between x and y in G. The diameter of G, denoted by diam(G), is the maximum distance between any two vertices of G. Very recently, the concept of diameter-bounded dominating sets has been introduced [15, 23] . In this problem, one seeks for a dominating set such that the diameter of the subgraph induced by the set is minimum. With a slight abuse of notation, we say that a dominating set X is of diameter at most k, if the subgraph induced by X is of diameter at most k. It is clear that such a set is necessarily connected, i.e., a connected dominating set.
The motivation for this concept comes again from the construction of virtual backbones in wireless networks. A small diameter is a desirable property, when one is interested in keeping the number of hops to forward messages through the virtual backbone as small as possible. A more detailed exposition of this application can be found in [15, 23] . Apart from this application, our paper stands in a line with recent work on structural properties of the subgraphs induced by connected dominating sets [1, 20, 21, 22] .
In [15, 23] , diameter-bounded dominating sets in unit disk graphs are studied. Heuristics are given to build dominating sets of both small size and small diameter. Moreover, experimental results concerning the performance ratios and running times of these algorithms are given. However, it is not mentioned whether the problem of minimizing the diameter of a dominating set is NP-hard at all.
We prove that for any fixed k ≥ 1 it is NP-complete to decide whether a given graph admits a dominating set whose induced subgraph has diameter at most k.
On a positive side, we give a characterization of the chordal graphs that admit such a diameter-bounded dominating set. This characterization states that, for all k ≥ 3, a chordal graph G has a dominating set of diameter at most k − 2 if and only if G has diameter at most k. Moreover, the dominating set X can be chosen such that any shortest path between two members of the dominating set is entirely contained in X.
This characterization yields an O(mn) algorithm to compute, for a given connected chordal graph G on n vertices and m edges, the minimum k for which G has a dominating set of diameter at most k. Such a dominating set can be efficiently computed.
The results of this paper generalize parts of the work of Damaschke et al. [6] on dominating cliques, i.e., dominating sets of diameter 1. In [6] , they proved, among other results, that a chordal graph G has a dominating clique if and only if diam(G) ≤ 3. Indeed, the main idea of the proof of our above-mentioned characterization exploits the idea of the proof of their result on dominating cliques.
Our contribution
We start this section with the following hardness result. Theorem 1. For every fixed k ≥ 1, it is NP-complete to decide whether a given graph admits a dominating set of diameter at most k.
We reduce from the problem Exact Cover, which is defined as follows. A hypergraph H = (V, E) is an ordered pair where E is a nonempty finite family of nonempty finite sets and V = E. The elements of V are called vertices and the elements of E hyperedges. A cover of H is a set C ⊆ E such that C = V . An exact cover of H is a cover whose elements are pairwise disjoint. That is, every vertex is contained in exactly one hyperedge of the cover. Not all hypergraphs have an exact cover; in fact, it is NP-complete to decide whether a given hypergraph admits an exact cover (cf. [10] ). This decision problem is called Exact Cover.
We illustrate our reduction in figures, always using the same hypergraph instance H 0 of Exact Cover. It is defined by
The hypergraph H 0 has the exact cover {f, g}. The bipartite incidence graph Fig. 1 . Proof of Theorem 1. We have to prove that for every k ≥ 1, it is NP-complete to decide whether a given graph admits a CDS of diameter at most k. Since the problem is clearly in NP, it remains to prove NP-hardness.
The case k = 1 is known as the dominating clique problem. It has been intensively studied in the literature and is known to be NP-complete [5] , even in some restricted graph classes [16] . We therefore proceed to the case k ≥ 2.
For each k ≥ 2, we present a polynomial reduction from the Exact Cover problem. For this, let H = (V, E) be a hypergraph and let B be the bipartite incidence graph of H, i.e. B = (V ∪ E, ve : v ∈ e ∈ E}). Starting with B, we construct a graph G such that G has a dominating set of diameter at most k if and only if H has an exact cover.
The case k ≥ 2, k even. The graph G is constructed as follows. (To illustrate this construction, the graph G 0 obtained from B 0 , in the case k = 6, is displayed in Fig. 2.) 1. For each e ∈ E we introduce k/2 new vertices x e 1 , x e 2 , . . . , x e k/2 . We denote the set containting these new vertices by X. For all e ∈ E, we add the edges x 2. For each pair e, f ∈ E with e ∩ f = ∅, we introduce a new vertex y e,f . Let Y denote the set of all introduced vertices y e,f . In the case k = 2, we add the edges ey e,f and f y e,f . In the case k ≥ 4, we add the edges x e 2 y e,f and x f 2 y e,f . In all cases, we add all possible edges from Y to {x e 1 : e ∈ E}.
3. We introduce k/2 new vertices z 1 , z 2 , . . . , z k/2 together with the edges
We denote the set of these vertices by Z = {z 1 , z 2 , . . . , z k/2 }. Subsequently, we add all possible edges from z 1 to the set {x e 1 : e ∈ E}. We now show that G has a dominating set of diameter at most k if and only if H has an exact cover.
Finally, we attach to every vertex
First we assume that G has a dominating set of diameter at most k, say S.
Therefore, every member of V has a neighbor in S ∩ E, as S is a dominating set. This means that S ∩ E is a cover of H.
Given that S is of diameter at most k, for every distinct e, f ∈ S ∩ E it holds that dist G[S] (e, f ) ≤ k. For this, e and f must be connected by the path
(In the case k = 2, e and f must be directly connected via y e,f .) Hence, y e,f ∈ X and so e ∩ f = ∅. Thus, S ∩ E is an exact cover of H. Now we assume that H has an exact cover, say C. We claim that S := C ∪ X ∪ Y ∪ Z is a dominating set of G of diameter at most k.
First we show that S is a connected dominating set of G. Since C is a cover, every member of V has a neighbor in S. Moreover, every vertex e ∈ E is adjacent to x e k/2 . For all attached pendant vertices, their unique neighbors are contained in S. Hence, S is a dominating set. By the construction of G, it is clear that G[S] is connected.
We now argue that diam(
Following our running example, a dominating set of G 0 of diameter 6, for the case k = 6, is displayed in Fig. 3 . The case k ≥ 3, k odd. Let k = 2i + 1. The graph G is constructed in the following steps. (To illustrate the construction, the graph G 0 obtained from B 0 , in the case k = 5, is displayed in Fig. 4.) 1. For each e ∈ E we introduce i new vertices x e 1 , x e 2 , . . . , x e i . We denote the set containing all of these new vertices by X. We add the edges
3. We introduce i + 1 new vertices z 1 , z 2 , . . . , z i+1 together with the edges z 1 z 2 , z 2 z 3 , . . . , z i z i+1 . We denote the set of these vertices by Z = {z 1 , z 2 , . . . , z i+1 }. Subsequently, we add all possible edges from z 1 to the set {x e 1 : e ∈ E}.
4. Finally, we attach to every vertex v ∈ X ∪ Z a new pendant vertex v ′ .
We now show that G has a dominating set of diameter at most k if and only if H has an exact cover. Since the proof is similar to the one where k is even, we omit some details. First we assume that G has a dominating set of diameter at most k, say S. It holds that X ∪ Z ⊆ S, due to the fact that for each vertex v ∈ X ∪ Z, there is a pendant vertex v ′ whose only neighbor in V (G) is v. Hence, S ∩ V = ∅, since for each v ∈ V , dist G (z i+1 , v) = k + 1. Therefore, every member of V has a neighbor in S ∩ E, since S is a dominating set. This means that S ∩ E is a cover of H.
Since S is of diameter at most k, for every distinct e, f ∈ S ∩ E it holds that dist G[S] (e, f ) ≤ k. For this, e and f must be connected by the path
Hence, x e 1 x f 1 ∈ E(G) and so e ∩ f = ∅. Thus, S ∩ E is an exact cover of H. Now we assume that H has an exact cover, say C. We claim that S := C ∪ X ∪ Z is a dominating set of G of diameter at most k. Like above, S is a connected dominating set of G. Moreover, for every e ∈ E and v ∈ X ∪ Z, dist G[S] (e, v) ≤ k. Since C is an exact cover, e ∩ f = ∅ for every distinct e, f ∈ S ∩ E. Hence, e and f are connected in G[S] by the path (2) of length k. Thus S is a dominating set of diameter at most k. This completes the proof.
Given Theorem 1, it is interesting to see which conditions on a graph are sufficient for the existence of a diameter-bounded dominating set.
For this, we turn our attention to the class of chordal graphs. A graph G is called chordal, if every cycle of G on 4 or more vertices has a chord. Equivalently, G is C k+4 -free for every k ≥ 0.
Many optimization problems that are NP-complete in general become polynomially solvable when the instances are restricted to chordal graphs, e.g. the maximum stable set problem and the k-coloring problem (see [12] ). Typically, the situation is different for optimization problems from the context of domination. For example, as stated in the introduction, deciding whether a given graph has a connected dominating set of size at most a given threshold is an NPcomplete problem, even for split graphs [2] , a proper subclass of chordal graphs. As the following results show, the situation is better for diameter-bounded dominating sets.
A set X of vertices of a connected graph G is called convex if, for all x, y ∈ X, all shortest paths from x to y are entirely contained in X. From this definition stems the investigation of convex connected dominating sets (see [17, 18] ). In view of the applications of diameter-bounded dominating sets, convexity of the dominating set is a desirable property. It says that any shortest path between two vertices x, y from the dominating set can be used to send messages from x to y without using vertices outside the dominating set. Proof. Let G = (V, E) be a connected chordal graph and let k ≥ 3.
It is clear that (c) implies (b). Now assume that (b) holds and let X be a dominating set of diameter at most k − 2. To see that diam(G) ≤ k, let x, y ∈ V (G) be two arbitrary vertices. Since X is a dominating set, there are vertices
This gives (a). It remains to prove that (a) implies (c). For this, assume that diam(G) ≥ 3.
First we discuss the case diam(G) = 3. As mentioned in the introduction, Damaschke et al. [6] proved that a chordal graph G has a dominating clique if and only if diam(G) ≤ 3. Clearly this clique can be chosen to be a maximal clique. So the case diam(G) = 3 is clear and we proceed to the case diam(G) ≥ 4.
To finish the proof, we use the following concept. It was shown by Gavril [11] that every chordal graph is the intersection graph of subtrees of a tree. In particular, G is the intersection graph of subtrees of a tree T . Hence, there is a set V = {T v : v ∈ V } of subtrees of T with the following property: for any distinct u, v ∈ V it holds that uv ∈ E if and only if V (T u ) ∩ V (T v ) = ∅. In fact, T , can be chosen such that its vertices correspond to the distinct maximal cliques of G. Moreover, any subtree T v of T contains exactly those vertices of T that are maximal cliques of G containing v. In particular, for each leaf L of T it holds that there is a vertex v ∈ V with T v = {L}. Below, a clique-tree will always be chosen in the way explained above.
We will make use of the following observation.
Observation 1. Let T be the clique-tree of G. Let T ′ be a subtree of T and let X be the set of maximal cliques corresponding to the vertices of T ′ . Then X is a convex set in G.
Proof of Observation 1. Let T , T
′ and X be chosen accordingly to the above statement. Suppose that X := X is not convex. Hence, there are x, y ∈ X and a path P = (x = v 1 , v 2 , . . . , v k = y) of length dist(x, y) such that P contains an element of V (G) \ X. Without loss of generality, we may assume that all inner vertices of P are contained in
Let T be the clique-tree of G and let V be the subtrees of T corresponding to the vertices of V . We prove the following by induction on the number of vertices of G: the graph G has a set X of maximal cliques such that T [X ] is connected and X is a convex dominating set of diameter diam(G) − 2. This then completes the proof.
Choose a leaf L of T . Let V L be the vertices of G that only appear in the maximal clique L. Let, moreover,
. By induction, there is a set X ′ of maximal cliques of G ′ such that the following holds:
If there is a vertex x ∈ X ′ for which T x contains L, the set X ′ is a convex dominating set of G of diameter diam(G) − 2 and we are done. Thus we assume that there is no such vertex in X ′ . We define a set X of maximal cliques of G as follows. Among the vertices contained in the simple path in T connecting L and X ′ , let C be the vertex with maximum distance from L such that there is an element of V containing both L and C. We add to X ′ all vertices that lie on the simple path from C to X ′ . The resulting set is denoted by X ′′ . Note that X ′′ := X ′′ is a dominating set of G. We now remove all members C ′ from X ′′ with the property that there are u ∈ C and v ∈ C ′ with dist
The resulting set is denoted by X . Note that T [X ] is connected and hence X := X is a convex set, by Observation 1. Moreover, diam(G[X]) ≤ diam(G) − 2 holds by construction. It remains to prove that X is a dominating set of G.
For this, let L ′ be a leaf of T . We finish the proof by showing that there is an element of V containing L ′ and a member of X . First we assume that L ′ lies in the same connected component of
′ and a member of X . Let u, u ′ ∈ V such that the only maximal clique containing u, resp. u ′ , is L, resp. L ′ . Let P be a path between u and u ′ in G, of length k = dist(u, u ′ ). In T , the edge-sequence of P corresponds to a sequence of vertices P T = (L = C 1 , C 2 , . . . , C k = L ′ ) such that any two consecutive vertices are contained in a common element of V.
Since T is a tree, we can assume that C 2 = C and that C k−1 is the vertex on the simple path from L ′ to X with maximum distance from L ′ such that C k−1 and L ′ are contained in a common element of V. Let w denote the second vertex of the path P and let w ′ denote the second last vertex of P . We claim that dist(w,
By assumption, C k−1 / ∈ X . Thus, by the choice of X , there is a vertex x ∈ C and a vertex
, a contradiction. This completes the proof.
We obtain the following algorithmic consequence of Theorem 2.
Theorem 3. Given a connected chordal graph G, the minimal k for which G has a dominating set of diameter at most k can be computed in O(mn) time. Moreover, a convex dominating set of diameter k can be computed in polynomial time.
This positive algorithmic result is interesting since it stands in contrast to the fact that computing a minimum size connected dominating set in split graphs, a proper subclass of the chordal graphs, is NP-hard.
Proof of Theorem 3. Let G be a connected graph on n vertices and m edges. The distance of a fixed vertex to all vertices in the graph can be computed using breath-first-search (BFS) in time O(m + n). By perfoming BFS from every vertex, the diameter diam(G) can be computed in O(n(m + n)) time. By connectivity of G, m ≥ n − 1, and thus the algorithm runs in O(mn) time. By Theorem 2, G has a dominating set of diameter diam(G) − 2. Moreover, no other dominating set can have a smaller diameter.
To see that a convex dominating set of diameter at most k can be computed in polynomial time, note that a clique-tree of G is computed in linear time [9] . Hence, the constructive method used in the proof of Theorem 2 immediately yields an algorithm for finding a convex dominating set of diameter at most k in polynomial time.
Discussion
In this paper we have shown that the recognition of graphs that admit a dominating set whose diameter is bounded by some given constant is NP-complete.
Moreover, if the input graphs are restricted to chordal graphs, this problem can be efficiently solved. In fact, a stronger statement is true: a chordal graph G with diam(G) ≥ 3 always admits a convex connected dominating set whose diameter is diam(G) − 2.
In view of the motivation given in the introduction, it would be interesting to see whether a similar statement is true for (unit) disc graphs. While at least for general disc graphs we expect the problem to be hard, we did not manage to adapt our reduction to this case.
